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The first level of the pushdown hierarchy

definition, characterizations, properties

An application: Eilenberg's recognizability

boolean algebras of context-free languages
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Automaton G C V.L.V U C.V
o oriented labelled graph

e finite set L of labels
e finite set C of colours
o i,f € C for the initial / final vertices

a a | a a

b b ¢ b b

recognizing L(G) = {u € {a,b}* | |u]. = |u]p}

Syntactical typed recursion
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The pushdown hierarchy

Finite trees

Tree 0

Regular trees fin. deg.

Tree q

Algebraic trees

Tree 2

Didier Caucal
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 ———

Mon. int.

—_—

UV

Mon. int.

 ———

Finite graphs

Graph

Suffix rec. graphs

Graph ¢

Graph »
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Property
The suffix recognizable graphs have

a decidable monadic theory

are preserved by monadic interpretation and

synchronization product with finite automata

recognize the context-free languages

Regular trees fin. deg. Mt' Suffix rec. graphs
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a decidable monadic theory

are preserved by monadic interpretation and

synchronization product with finite automata

recognize the context-free languages
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Property
The suffix recognizable graphs have

a decidable monadic theory

are preserved by monadic interpretation and

synchronization product with finite automata

recognize the context-free languages

-1
Binary tree @» Suffix rec. graphs

Inverse path function ?
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Path functions
set Exp of path expressions
L U CuU{e} C Exp
for any u,v € Exp

-1 +

u - ,u-v,u” ,-u,uVv,uAv € Exp

path sl—;>t for u e Exp

Didier Caucal Regular Automata



uVvy
—

for
for

for
for
for
for
for

for

(s,a,t) € G

s=t A (¢s) €G
s=1t

t —>s

Jr(s—=r A r—51)
s (—=)*Ft

- (s —>t)

sl>t V si>t

) A a-a”t
For instance s © %t meansthat s =t NS SN
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Path function h : LUC — Exp

applied by inverse on a graph G

n(G) = {(sat) st} U () [ s)

h(a) h(c)
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SN
SN

E =¢ A —(ataV blb)
F = ¢ A (a1)*Ea*
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E =¢ A —(ataV blb)
F = ¢ A (a1)*Ea*
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Particular path functions

Regular substitutions

Exp = set of regular expressions

al for ael ; u-v,ut,uVvv for uv € Exp

Finite substitutions

al for ael ; u-v,uVv for uv € Exp

Didier Caucal Regular Automata



Binary tree Rﬂ, Suffix rec. graphs

Fin~1 l Closur%(/:in. degree

Regular graphs fin. deg.
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Closure w.r.t. e € L and # € C
a — #e*ae'# forany acL-{e}

c — #Hc forany c € C- {#}
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Regular automata

of finite degree

pAGIIVAY
/5

o
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Regular automata of finite degree

o Decomposition by distance Muller, Schupp 85

o Decompositions and graph grammars

Courcelle 89, Caucal 92

o Suffix rewriting systems Blichi 64
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Pushdown automaton

o Stack letters P = {A,B,...}

o States Q=1{p.q,..}
o Terminals T=1{a,b,..}
e Axiom Ap
e Rules

Ap = ABp

Bp —— BBp

Didier uca
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[blcld]---[a]e]

O

Applied rule Ap -2 Vq
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[blcld]---[a]e]

Applied rule Ap -2 Vq
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[blcld]---[a]e]

Applied rule Ap -2 Vq

Transition WAp - WVq
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Pushdown graph P*.R
{ WAp 2 WVq | W e P*A(Ap =5 Vq)eR}

Accessible pushdown graph from the axiom

. Ap = ABp Bq
Bp

b
H q
Bp -> BBp BLIN
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Pushdown graph P*.R

{WAp 2 WVq | W € P*A(Ap 2> Vg ) eR}

Accessible pushdown graph from the axiom
Ap -> ABp Bq — q
Bp - BBp Bp — q

Ap a AB

0 —— O
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Pushdown graph P*.R
{WAp 2 WVq | W € P*A(Ap 2> Vg ) eR}

Accessible pushdown graph from the axiom

Ap -2 ABp Bq - q
Bp >+ BBp Bp - q

Ap a AB

0 —— O

|
,;q
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Pushdown graph P*.R
{WAp 2 WVq | W € P*A(Ap 2> Vg ) eR}
Accessible pushdown graph from the axiom
Ap —> ABp Bqg — q
Bp - BBp Bp — q
Ap a ABp aABBp
|
Ad

Didier Cauca Regular Automata



Pushdown graph P*.R
{WAp 2 WVq | W € P*A(Ap 2> Vg ) eR}
Accessible pushdown graph from the axiom
Ap —> ABp Bqg — q
Bp - BBp Bp — q
Ap_a ABp aABBp a_a_
bt bl bl bl _
b b b

AQ ABQq ABBqg
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Regular vertex set: P*( Dom(R) U Im(R))
By accessibility from an axiom c:

for languages L and B, the reduction of L by B is
LIB =LU {uw|dveB(uwel)})|B

Lemma Benois 69
L regular — L | B regular

saturation method: n B
B={xX|xePuUuQ}
. ({5 A Uq | Ap — Uq })] LB N P*Q
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Decomposition by distance

Theorem Muller Schupp 1985

The accessible pushdown graphs are the rooted
graphs of finite degree with a finite decomposition
by distance

finite number of connected components
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Connected components
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a_,_a_ _~_a_ @&
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b‘ b b bl _ = —
b b b

a_,_a_ _~_a_ @&
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a a a a
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a a a a
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.aoaoaoao

b b b b| — — —
b b b
.aoaoao

bt b b b| — — —
b b b
0—a>0—>0

b b b| — — —
b b b
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@ ——> o

bbl bbl -

0 - — 0 e ©

Connected components

[ ) a L] a L] a L] a L]
b b b b| — —
b b b
[ ) a L] a L] a L]
bt b b b| — —
b b b
0—a>0—>0
b b b| — —
b b b

Didier Caucal
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<— ! Finite decomposition by distance

A pushdown letter for each connected component

The vertices of each frontier are numbered by 1,2,...

Al 2

e
felfo]

Al -2 AC1
A2 -2 A3
AC2 -5 A3

Didier Caucal

s "0
g
1 2

e

B1 % BC(C?2

Bl -2 B1

BC1 —» B1
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<— ! Finite decomposition by distance

A pushdown letter for each connected component

The vertices of each frontier are numbered by 1,2,...

Al 2

e
felfo]

Al 2y AC1
A2 -2y A3

AC2 =5 3

Didier Cauca

e
g Q)1
¥
1 2
C
B1 -4 BC2

B1 -2 B1

BC].—)].
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<— ! Finite decomposition by distance

A pushdown letter for each connected component

The vertices of each frontier are numbered by 1,2,...

Al 2

e
felfo]

A1l 2 ALC1
A2 -2y A3

A2 =5 3

Didier Caucal

e
g Q)1
¥
1 2
C
Bl -4 ByC2

Bl - B1
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<— ! Finite decomposition by distance

A pushdown letter for each connected component

The vertices of each frontier are numbered by 1,2,...

Al 2

e
felfo]

Al 2 (AC1

A2 2 (A3

A2 =5 3

Didier Caucal

0,
%
fel

B1 -4 (BpC2
«B1 = «B1

BC].—)].
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——> : Pushdown automaton (with an axiom)
Maximal length of the r.h.,s. m <3

Ap = q Ap = Bgq Ap —— CBq
Finite decomposition by length

UAp UBg UCr

S useless prefix U

UVs,

frontier

Finite number of possible frontiers

m > 3 : frontier depends only on suffixes < m-1

oder sl Finite decomposition by distance Regular Automata



Decomposition by distance

normal form for connected graphs of finite degree

not appropriate for conn. graphs of infinite degree

%
for any P C IN, the graph P
{T—=nn>0} U{n—=n+1|n>0}U {n—-n-1|neP}

is finitely decomposable by distance

N =
|

Didier Caucal Regular Automata

H
2IN :
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Decomposition by distance

normal form for connected graphs of finite degree

not appropriate for conn. graphs of infinite degree

%
for any P C IN, the graph P
{T—=nn>0} U{n—=n+1|n>0}U {n—-n-1|neP}

is finitely decomposable by distance

H
2IN :
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Decomposition by distance

normal form for connected graphs of finite degree

not appropriate for conn. graphs of infinite degree
%

for any P C IN, the graph P

{T—=nn>0} U{n—=n+l|n>0}U {n—-n-1|neP}

is finitely decomposable by distance

H
2IN :
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Let G be any connected graph of finite degree

Let P,Q be any finite non empty vertex subsets

Property 1992
If G has a finite decomposition (?) then
G has a finite decomposition by distance from P
Corollary
If G has a finite dec. by distance from P then

G has a finite dec. by distance from Q

Finite decomposition ?

Didier Caucal Regular Automata



Didier Caucal Regular Automata



A a
. — le—— o
1

. — 1. C
1 \b\.
1e 10—a>.
C — W\LC
b
20 2.<—o
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Another deterministic graph grammar

A a
. —_— 1o — o
1
B

1. lo—a>c
JB —_— bL LB

b
2 Do —-—
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Another deterministic graph grammar

Didier Caucal

a
. e le——s o
1
B
.
1. 1.—a>.

B_.bLbLB

2 20 = o
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Another deterministic graph grammar

a
. e le——s o
1
B
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1. 1.—a>.

B_.bLbLB

2 20 = o
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Another deterministic graph grammar

A a
. — le— o
1
B
1 l‘—a>o
B —» bt \B
b
2 e —=—— o

Didier Caucal
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Another deterministic graph grammar

A a
. — le— o
1
B
1 l‘—a>o
B —» bt \B
b
2 e —=—— o
. a . a . a .

Didier Caucal
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Another deterministic graph grammar

'.A — e 1.2,
1
LB
1. 1.8, .
jB — bt \B
b
20 204_0
[ ] a [ ] a [ ] a [ ] a [ ]
b‘ b b JB
b b b

Didier Caucal
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Another deterministic graph grammar

'.A — e 1.2
1
Ls
1. 1e—25
jB — bt \B
b
20 204_0
[ ] a [ ] a [ ] a [ ] a [ ]
bt b| b bl _
b Y b Y b
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Another example
1

-
|
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Another example
1

-
|
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Another example
1

. . - —— ¢ =

A — AL a jA
b c

. ¢ — ¢ - ———— o
2 2
b c
A a
b C

Didier Caucal
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Another example
1
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Another example
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Regular graph

= graph generated by a deterministic graph grammar

Non-terminal hyperarcs

1. 1.8, .

Didier Caucal Regular Automata



Regular graph

= graph generated by a deterministic graph grammar

Non-terminal hyperarcs

1. 1c—a>.

(A
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Regular graph

= graph generated by a deterministic graph grammar

Non-terminal hyperarcs

1. 1c—a>.
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Proposition

The accessible pushdown graphs are the rooted
regular graphs of finite degree.

The connected components of the pushdown graphs
are the connected regular graphs of finite degree.

The regular restrictions of the pushdown graphs are
the regular graphs of finite degree.

Didier Caucal Regular Automata



Binary tree Rﬂ, Suffix rec. graphs
Fin~1 Closure Bounded
Closure | | treewidth
s
Regular graphs fin. deg. —_— Regular graphs
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Regular graphs of infinite degree

>
>
®

l
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Regular graphs of infinite degree

>
>
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Regular graphs of infinite degree
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Regular graphs of infinite degree

l
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Regular graphs of infinite degree

l
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Regular graphs of infinite degree

l
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Regular graphs of infinite degree

L] L]
a b
Didier Caucal 4 ° 2 Regular %«utomata
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Suffix recognizable graphs 7

Theorem of Muller and Schupp

The accessible pushdown graphs are the rooted
graphs of finite degree with a finite decomposition
by distance

The ‘distance’ is a normal form

The accessible pushdown graphs are the rooted
graphs of finite degree with a finite decomposition

The ‘pushdown automata’ is another normal form

Didier Caucal Regular Automata



Word rewriting system over an alphabet N
finite R € N* . N*

rewriting —pr = N'RN”
xuy — xvy for (u,v) € R and x,y € N*

. . *
derivation —p refl. trans. closure under o

suffix rewriting —ig = N'R
xu —ig xv for (u,v) € R and x € N*

suffix derivation QR
Proposition Biichi 1964

AR(U) = {v| UL*RV} regular language

Didier Caucal Regular Automata



*
—R is regular preserving: for L regular

*

—ir(L) = {v|du e L(u L«Rv)} regular

recognizable system
R = Ui Ui X Vi for Ui ) Vi regular
Theorem

The suffix derivation AR for R recognizable

is the suffix rewriting —is for some S recognizable

hence is a regular binary relation on words

Didier Caucal Regular Automata



Benois's lemma

B={xX|xeN}
v = % forany uve N
(v (@v)eRLB N NN = Ui Ui-Vy
S = iUV
—3%R = —g

Didier Cauca Regular Automata
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Labelled word rewriting system
A 2 BB B 2 A
BA — B CA — CB

R

Suffix transition
WU 2 wv if (U-25V)eR

Suffix transition graph N*.R accessible from CA
CA a CBB (C CBBA a CBBBB C

KK

¢ -« — o
CB CBA CBBB CBBBA

Cauca Regular Automata



Theorem

The accessible suffix graphs are the rooted regular
graphs of finite degree.

The connected components of the suffix graphs are
the connected regular graphs of finite degree.

The regular restrictions of the suffix graphs are the
regular graphs of finite degree.

Suffix recognizable graphs ?
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Recognizable systems over N

R| U -2 V, with U;,V; regular over N

Suffix transition graph N*R = [J.N*.(U; =5 V)

= U {wu B w|weN, uecU, veV,}

Theorem 1996

The suffix recognizable graphs are

the regular restrictions of the suffix transition
graphs of recognizable systems

U Wi (Ui 25 V) for Ui, Vi, W; regular

| boolean algebra w.r.t. N* T «N*

Regular Automata



Graphs at level 1 of the pushdown hierarchy

internal representation:
recognizable suffix systems

external representation:
mon. interp.,...,inverse regular substitutions

from the infinite binary tree

geometrical representation: graph grammars

Graphs at level 2

graph grammars of level 2 ?

Didier Caucal Regular Automata



Didier Cauca

Recognizability

for regular automata
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Proposition

o The deterministic regular automata of finite
degree recognize the deterministic real-time
context-free languages

o The deterministic regular automata recognize
the deterministic context-free languages

o The context-free languages are preserved by
union

but not by complementation and intersection

o The deterministic context-free languages are
preserved by complementation
but not by union and intersection

Didier Caucal Regular Automata



Synchronization of a regular automaton G
Family Sync(G) of context-free languages

containing the regular languages C L(G)

Sync(G) boolean algebra for G unambiguous

3

Unambiguous context-free languages

Didier Caucal Regular Automata



L4 1‘—>l 1. 1-<_o
b ) b

SR B

2e 2 B 2e 2e A
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b= k=
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b= k=

Didier Caucal Regular Automata



1 le—=. 1 le .
b ) b

S B R

2 2 B 2- 2. ="A
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-C

f

[
[
[
[
[
[
[
[
[
[
[

0

level of a vertex
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Grammar S synchronized by R if

any accepting path of S“ is synchronized by

an accepting path of R¥
3

S —_ — =

il b
| /___
| a

—

4

a_ !
|
|
° f
|

5
|
|
|
|

Didier Caucal Regular Automata



Grammar S synchronized by R if
any accepting path of S“ is synchronized by
an accepting path of R¥

3 4 5

il a [ b |

© | 2
S e e

| | ¥ a |

o—»of

| | |

T

e — o °

w | Al
R e e

| AN

|

Didier Caucal | | Regular Automata



S synchronized by R

IIIIIIIIIIIIIIIIIII <
Y
a//b sl la
o]
||||||||||| - — — = — — M
a//b sl la
o]
|||||||||| - — e — - N
Y
a//b sl la
o]
||||||||||| —_— — e — — — -
© o] | |
o 5)
— — ¢ - - — — — — — — — 0 — — — o

Regular Automata
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Synchronized languages by R
Sync(R) = { L(S) | S synchronized by R }

Theorem 08

Sync(R) = Sync(S) for R,S gen. the same graph

Definition
For any regular automaton G

Sync(G) = Sync(R) for R generating G

Cauca Regular Automata



Theorem 08 with Hassen
For any deterministic regular automaton G

Sync(G) is an effective Boolean algebra w.r.t. L(G)

For G deterministic, complete, of finite degree

Nowotka, Srba 07

Didier Caucal Regular Automata



Theorem 08

For any unambiguous regular automaton G

Sync(G) is an effective Boolean algebra w.r.t. L(G)
Corollary

For any unambiguous regular automaton G

Sync(G) has a decidable inclusion problem

Didier Caucal Regular Automata



a,b,c

I f
Family of regular languages
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Finite automaton G

Family of regular languages included in L(G)
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Deterministic regular automaton G

020:0.0

f g f gz f 7 f

Family of input-driven languages
Mehlhorn 1980

contains the regular languages C L(G)

Didier Cauca Regular Automata
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Complete deterministic regular automaton

OOOO
fo gfgf

Family of visibly pusdown languages

Alur Madhusudan 2004

contains all the regular languages

Cauca Regular Automata



g ——_b
N A Yo NG AT

o/// \\o o// \\o o/// \\o o// \\o

Family of balanced languages

Berstel Boasson 2002
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Setback

The synchronization depends on

e graph grammars: vertex levels

e pushdown automata: configuration lengths
restricted and technical notion

simple and natural notion: morphism

Didier Caucal Regular Automata



Automaton morphism G -5 H

mapping h : Vg — Vy such that h(G) C H i.e.
s —3qt = h(s) ==y h(t)
cs € G = ch(s) € H

we say that G is reducible into H

o T
L,

:Céb(;)bé)bg:)bg_

H

Regular Automata
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a,b,c

any automaton is reducible into O
i f

A morphism G L Hos locally bounded if
there exists b > 0 such that for any t € Vg
hfl(t) = {seVg | h(s)=t}

. . . I
is of cardinal at most b: we write G —, H

Recognizability / automaton family F
Recp(H) = {L(G)|GEFAG —y, H}

Cauca Regular Automata
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Family A of regular automata of finite degree

Theorem

For any unambiguous H € A

Reca(H) is a boolean algebra w.r.t. L(H)

unique morphism for G — H unambiguous

Synchronization / automaton family F
Synce(H) = { L(G) | [G —u, H] € F }

Cauca Regular Automata
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Theorem

For any unambiguous H € A

Reca(H) = Synca(H) is a boolean algebra / L(H)
Synca(H) € Reca(H) : by definitions

Reca(H) € Synca(H) : corresponds to the

Key property

If G —, H unambiguous with G, H € A
then [G — H] € A

Caucal Regular Automata



decomposition of [G LN H]

— decomposition of H + !

a.a.f a.a.f

aa a aa

o« VW
RO e

a .
f b oa g b
not by distance
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decomposition of [G LN H]

— decomposition of H + !

not by distance
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Conclusion

Level 2 of the pushdown hierarchy

e graph grammars
e recognizability

e synchronization
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